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Summary. The potentials of the electromagnetic field in the Bloch gauge are used
to obtain definitions for the multipole moment operators and for the operators
expressing the electric and magnetic field of electrons acting on the nuclei of
a molecule. Perturbation theory is employed to determine induced electronic
moments and total electromagnetic field at the nuclei. A series of response tensors
is defined to describe the contributions arising in non-uniform magnetic field and
their origin dependence is studied.
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1 Introduction

A comprehensive theory is available to interpret the magnetic properties of a mol-
ecule in a spatially uniform, time-independent, magnetic field [1, 2] within the
assumption of linear response. Non-linear effects arising in the presence of high
intensity fields have also been examined [3, 4].

Phenomenologies observed in a molecule in the presence of periodic electro-
magnetic field associated with a monochromatic plane wave can be dealt with
using suitable quantum mechanical approaches, e.g., propagator theory [5] and
time-dependent perturbation theory [6, 7]. Within the quadrupole approximation,
i.e., assuming that the magnetic field and the electric field gradient are uniform all
over the molecular domain, a number of dynamic response tensors can be defined
to rationalize the induced electromagnetic dipoles and fields [7]. To the next higher
approximations, e.g., octupole and hexadecapole, one needs a convenient multipole
expansion for the molecular interaction Hamiltonian. The problem of defining the
set of electric multipole moments can be easily solved in the presence of static
electric fields: it is customary to introduce electric multipoles traceless in any two
tensor suffixes when static electric fields are studied [6].
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According to Raab [8], this is no longer advisable for higher electric and
magnetic multipoles in the case of time-dependent electromagnetic fields: the
traceless moments beyond the quadrupole are unable to describe the general
interaction Hamiltonian or even the classical radiation field [8]. As a matter of fact
it is expedient to introduce a multipole expansion via proper definitions for the
scalar and vector potentials, which explicitly appear in the interaction Hamil-
tonian.

The suitable form for the potentials has been first suggested by Bloch [9] and
rediscovered from time to time [10—12]. Raab [8] has defined a set of magnetic
susceptibilities, consistent with the interaction Hamiltonian a la Bloch, to describe
the multipole moments induced in a molecule by non uniform time-dependent
magnetic field.

So far, little attention has been payed to electronic magnetic multipoles
in molecules, with a few noticeable exceptions [13-17]. Nonetheless, it has
been emphasized that higher magnetic multipoles make small, but non-negligible
contributions to the nuclear magnetic shielding and to NMR chemical shift
[10]. At very large distance, the magnetic field arising from an electronic
current density, is merely due to the magnetic dipole of the charge distribution.
At closer distance, however, significant contributions arise from higher magnetic
multipoles. Accordingly, the local field acting upon a probe, i.e. a nucleus carrying
an intrinsic magnetic moment, will contain terms beyond the electronic magnetic
dipole, leading to a “pseudo-contact” contribution to the nuclear magnetic shield-
ing [17, 10]. Therefore an analysis of magnetic shiclding relative to a given nucleus
in terms of magnetic multipoles of neighbouring groups may help rationalize
the role played by different domains of the electron distribution in determining
NMR chemical shifts. In order to deal with the pseudo-contact term, Buckingham
and Stiles [10] have reported equations which contain multipole magnetic
susceptibilities.

The present paper sets out to extend Raab’s method [8], reviewed in Sects.
2 and 3, and to define a set of Hermitian magnetic multipole operators and
associated (mixed) multipole susceptibilities. Another essential aim is that of
discussing contributions, which arise from non-uniform magnetic field, to the
electric and magnetic fields at the nuclei, induced by the perturbed electron cloud,
see Sects. 4 and 5. Similar formulae are developed to account for contributions
from higher multipoles to the optical rotatory power in Sect. 5. The origin
dependence of the response tensors is examined in Sect. 6. It is shown that, allowing
for the Bloch normalization [9] for the operators appearing in the interaction
Hamiltonian, several advantages of notation are gained. The gauge transformation
leading to the Bloch potentials is outlined in the Appendix.

2 Molecule in non-uniform field

Let us consider a closed-shell molecule, ie., a system symmetric under time-
reversal, with n electrons and N nuclei We denote by —e m,, 7,
Diz> biz = €apyTighiy, for i=1, 2,. .., n, charge, mass, position coordinates, linear,
and angular momentum of the i-th electron. The analogous quantities for the I-th
nucleus are Z;e, M;, Ry,, etc. Sum over repeated Greek indices is implied all over
the paper.

In the presence of an external electromagnetic field, which, for simplicity,
is represented by a monochromatic wave of frequency w, the spinless interaction
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Hamiltonian for the electrons, within the Born—Oppenheimer approximation,
is:

H=Ho+V, V=HWY4H? (1)
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In order to get a multipole expansion of the interaction Hamiltonian, we
introduce the potentials of the electromagnetic field according to Bloch [9], sec
Appendix (we simplify the notation in this section, omitting the % index):

A(l‘, t)a = S,Bayrﬂ [%B(Oa t)v + %réB(Os t)&y + %rﬁraB(O, t)eé'y + ... ]7 (4)

¢(l’, t) = — Iy [E(O, t)az + %rﬂE(oa t)ﬁzz + %rﬁryE(oa t)yﬂa + ... ] (5)

The charge density and the current density operators for the electrons are
defined, respectively:

s = —e3 50—t ©

i=1

om, i; [p:d(r — 1;) + 6(r — ry)p:], 7

and the first-order Hamiltonian of a charge distribution is then given the form [9]:

HM = Jdrpqﬁ — —Jdr(J A)

Jr = —

= - 2 [E(Oa t)akak_1...a1auuata1a2...ak
k=0

+ B(oa t)akak_l...alamaalaz...ak]a (8)

where the Hermitian tensor operators of rank k + 1 for the electric and magnetic
multipole moments are defined according to Bloch [9]. The electric multipole
moments of the electron distribution are:
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and the magnetic multipole moments, omitting contributions from electron spin,
are:

e n

m, = — l ,
(] 2mec iz_:l ia
m Lrg +r5l);,
af 6me lZ (larg + rgL);
e n
maﬂy = — 16m P .Zl (larﬂr‘y + r,gryla),-,
e 1=
k+1
Mygs ..opg = — (k+2‘2mc mral---rak+r11"'rakla)i
oHW
= —-— (10
6Bazkak_ 1...010
It is easily shown that, whenever two tensor indices are repeated:
y P
maa=0=mm/i.‘.’ (11)

etc. The electronic magnetic multipoles (10} are unperturbed or permanent moment
operators. In the presence of a vector potential A(r, t), the canonical momentum is
replaced by the mechanical momentum:

P=Zpi—’n=2”ia ni=pi+§Ai9 (12)

i=1 i=1
and the angular momentum becomes:

L’=L+§ZrixAi, L=7 L. (13)
i=1 i=1

According to Eqgs. (4), (10) and (13), within the Bloch gauge [9] for the vector
potential, the operators for perturbed magnetic multipole moments become:

ma,z =m, + Zc?ﬂB(Oa t)ﬂ + Zgﬂ;v B(O, t)vﬁ

+ Tap: 90 B(O, t)syp + Tog; yoe B0, t)syp + - - (14)
aﬂ = Mg + Xav ﬂB(O t)y + Xa‘zjy po B(o t)éy
+ 7Xav;ﬂ5£ B(0 t)s&y T (15)
m;ﬂy = Megy + Zgﬁ;ﬂyB(oa t)& + g Z;lb Bre B(Oa t)eé + 0y, (16)
etc., where:
Zc?[i = - Z v —Fr rﬂ)ls (17)
m.C i=1
Za?ﬂ;y = - 2 z [(rv af — rarﬂ)ry]i’ (18)
4 e2 n 2
Xap;ys = — 16mec2 i=21 [(rv 5aﬂ - rarﬁ)ryré]h (19)
e2 n

Z [(rv ap — T rﬂ)ryréra]ia (20)
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etc. In these formulae a semicolon separates symmetric indices which can be freely
permuted.

3 Magnetic susceptibilities

The diamagnetic contributions to the magnetic susceptibilities in the reference state
|a) are defined:
Zap = <alZaplay, 21
Xgﬂ;y = <a|ia?ﬂ;yla>a (22)
etc. The paramagnetic contributions are obtained via time-dependent perturbation
theory [7]. Let us consider an operator which is characterized by a perturbation
expansion:
T=To+T1+ -, (23)

where Ty does not depend explicitly on time and T, etc., involving the perturba-
tion, may be explicitly time-dependent. The expectation value of operator (23) in
the perturbed electronic state is:

(THa=<alTola) +<al|T\|ay + 2@[ 2. <alTolj> exp(— lw,at)cja(t)]

j#a
(24)

where
(1)

1 0
‘m[<"'*’“"“>wfa+"<i a “>]“p““”’"’)‘ 23)

Substituting for the operators (10) the paramagnetic contributions to the suscep-
tibilities are obtained. They are:

cja(t) =

12 4(@) = Z s Aalmy| ) lmyla)
J#a
- xﬂ,a(w) = 1), (26)
1 20, N
%z, 57() =% > Ta)z@«ﬂmﬁ])(ﬂmmm»
j#a
= %y, «(@), 27)
1 2w,
@) =3 T ﬁ R(alm,| > < jlmp,s|ad)
= Xll;yﬁ,a(w) (28)
1 20W;,
Hhpro(0) = 3 ¥ =g A(Calmapl 5 Cflms|a))
j#aWia
= L), )
1 205,
Mhp10:@) = 5 ¥ =2 R(Calmeg ) <l mysela)
j#a

= L3se, ap (0)> (30)
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where, owing to Eq. (11):
Xz pp(@) = 0 = x4 (), (31)

etc. In these formulae a comma separates groups of indices which can be permuted
in the definition of the various susceptibilities, as each group refers to a given
magnetic multipole (10).

Total dynamic susceptibilities could be defined so that:

Xap (@) = xEp() + 13, (32)
Yo, (@) = 28 (@) + Xp; (33)
X, 355(0) = X2, pya (@) + Xa: 35 # Apyo. o) (34
Xap, 7(@) = 188, (0) + Adys 5 # Ay, (@), 33)
Xap, v5(@) = x5, 35(0) + %5 X: ps = Ay, ap ), (36)
Xap, v56(0) = 255, v8:(®) + 3 Asy: pse F Ayae, ap(0). (37

Therefore the contributions to the induced magnetic moments arising from the
non uniform magnetic field can be written:

4 <mi> = XAaB(Oa t)a + Xa, af B(Os t)ﬂa

+ X, aﬂyB(O, t)yﬁa + -y, (38)
4 <m2u> = X/lu,aB(o: t)a + le, uﬂB(oa t)ﬂa
+ Xlu, aﬂvB(Oa t)yﬁa + s (39)

etc.

4 Nuclear magnetic shielding

In the presence of an intrinsic magnetic dipole x; on nucleus I, the operator

— ., B}, and a cross term:
2
e tiy — Rn,

Z,l (4,45, Al = eup,11p R (40)

HOV =
MeC* /=

add to the Hamiltonian (1). The operator for the magnetic field of the electrons on
nucleus I in the absence of external perturbation is [7]:

e n
B= ——My=Bj, Mj=Y L
cm, ’ i=1|l'i—R1|3

X P;- (41)
In non uniform magnetic fields the perturbed operator is obtained from Eqs. (4)
and (40):

B;la,z = B;la - &o?[{ B(O’ t)ﬁ - 6a‘tj,lﬂvB(0’ t)vl} - &S,Iﬂy& B(Oa t)&yﬁ + - s (42)
where, introducing the operator for the electric field of electron i on nucleus I:

i r,— Ry
o —R ¥

“3)
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the operators for the diamagnetic contributions to nuclear shielding are defined:

S = _© S (raEi 0y — ruEly) (44)
aﬁ zmecz igl AT AVap ia“18)s
e n , ,
6«31 = (ri E; 511 - rimEl )r' » (45)
By 3mec i;1 A=IACaf Ig)" iy
6;115316 = ¢ 3 i (rilEIiﬁ.éaﬁ - riaEIiﬂ)riyrié- (46)
8m.c* =

The diamagnetic contributions to the shielding tensors are:

os = aldgj|a)

ool = alGaslay, (47)
etc. The paramagnetic contributions are obtained via Eqgs. (24), (25) and (41):
1 2w
ofls(w) = ry > —2——3?(<alea|J><Jlmp|a>)—6 i (), 48)
j#a CU CO
o) = 7 T~ B(Cal BR > < flmgy 0, )
, By hj#awz > T2l 77 <J By
0@ = — 5 Z 1 7 A(al Bl j> Jlmpys|a)). (50)
] #* a

Therefore the magnetic field induced on nucleus I by the electron cloud perturbed
by a non-uniform magnetic field is:

A{BLY = — 04B(0,t); — 0l 4,B(0,t),5 — 61 4,5B(0, )55+ -+,  (51)
where the total dynamic magnetic shieldings are:
025(w) = ofj(@) + 03, (52)
01 py(@) = 02, () + 05,5 (53)
04, 5vs(@) = 08%5,5(0) + 0515,5. (54

5 Nuclear electromagnetic shielding and optical rotatory power

The electric dipole moment induced in the electron cloud by the electromagnetic
field is [7]:

A = ag B, 1)g + g, E(0, 1),
+ g s E(0, )55 + * - (55)
+ &g B0, t)g + Ry, gy B(0, 1),5
+ R pys B0, )55 + - - -, (56)
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where the electric dipole and mixed dipole-quadrupole polarizabilities are:

| 2wj, N
t0,p(@) =3 Y, =y Rl > llgl @) = ap(@),  (5)
j#aJa
1 2wy,
@ =3 T s Aall i) <l lay) (58)
1 20j,
%,ﬁva(a’)=g > a)_z“—'-g(<a|ﬂa|.]><f|“ﬂy6'a>) (59)
jta

using the non-traceless form of Eq. (9) for electric multipoles. The optical rotatory
power is described via the tensors:

1 2 '
Rep@) = =2 T s Sl lmplad) = Rp(@) (60
j#a™ja
. 1 2 .
Ko py(@) = ~ o ) g2 L Kalual i) (jlmg,|a3), (61)
j#aWia
) 1 2 .
R, pra(@) = T > mf(<a|ﬂa|]><l|mpya|a>)- (62)
j#aWja

The electric field, induced on nucleus I by the external field via the perturbed
electron cloud, is:

ACERY = — vapE(0,8)s + y3 5, E(0, )5 + v2 5,6 E(0, )5y + « - -
+ EaIﬂ-B.(Oa t)y + éa{,ﬁyg(oa t)ys + E;,ﬂyaB(O, Dayg+ -+, (63)

where the nuclear electric shielding tensors [7] are:

1 2w;, .
Va,5(0) = W Y —5—— R(KalEL1j) < jluglad) = vap(), (64
j#a Wjg — @
1 2Cl)ja "o . v
Va, 8, (0) =Ejg‘amr@(@lﬂal])@lﬂﬂyl@) (65)
1 ija - .
ya,ﬂy&(w) = % z 2 2 '%(<a|EIu|J> <J|ﬂﬁyé|a>)a (66)
j#a Wj, — @

and the electromagnetic shielding tensors, related to vibrational circular dichroism
[7], are:

~ 1
Ea0)= 4 T S CalELL) lmgl) = o), )
B =~ T = Sl BRL CImgy 03), 69)
j#a
Ean@) = ~f T or s S Kl BRI lmpl ) ©9)
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The various quantities are connected and satisfy a series of sum rules which can be
easily proven via off-diagonal hypervirial relations [7]:

) 2 X . .
K, Bv(w) = - ; w 2 Z ZI [éa, ﬂv(w) - 51, ﬂy(o)]9 (70)
e I=1
N o 2
Z Zlei (O)a,ﬂy = - 3_saﬂl<aluy}.|a>> (71)
=1 ¢
il - 2m.c
Z Zlgaﬁleﬁél(w)y, s = o2 Xp(w)u, der (72)
I=1

6 Origin dependence of magnetic properties

The definition of some molecular tensors introduced in the previous sections
depends on the origin of the coordinate system. Thus in a change of origin:

r"=r +d, (73)

the diamagnetic contributions to the dipole-quadrupole magnetic susceptibilities
transform:

e

6m,c?

X [2(Kal pap(r')|add, + <alpg, ') a)d,

— 24a| ppy(x') @ d,dsy)

= (Kalp(r)add, + <alp,x")a)d,

— 2€al (1) a5 by dey ) dy

+ (alup(t)|a) + nedy)(d? o,y — d,d,)]. (74)

Tros ") = Lo p0) — 3 25l0')dyp +

The corresponding transformation of static paramagnetic contributions is ob-
tained from the origin dependence of the magnetic moments::

tr ! e
m),(l' ) = my(r ) + Wec 8vluleu5 (75)
e n
Map(r”) = mup(r’) + 6m.c > [pstrs — 1) + (r5 — 8)DsJiEaysd,
ev i=1
n ) e
+ 3mec i=zl [(ry - r,,)p,;]i szyéd/i — m‘ anadﬁdyP5. (76)

Accordingly:

x%z),azﬂ(r”) = X)l,’,aﬂ(l'l) + &/1 + =52{2 + ,,d:; + :d‘; + «.52{5 + LQ{6 + .,Q{7, (77)
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where the various terms are

e 2 e .
oy = mj;aw—ja'@(<almuﬂ(r )|]><J lPula>)8ylud).
e
= 3z Kaltp (F)la)>dy oy, — Calug, () a) do) (78)
__e g2
2= bm,.ch /7, 05
X@<<a Y, [ps(rs —rp) + (r — 1) psTi j><j |my(rl)|a>>£a¢15da
i=1
=%(vadv5azﬁ _Xay)dﬁ
e
+W(<a|ﬂﬂv(")la>dv5w —<alp(r')ard,) (79)
e2 2 . I I .
P = 12m?2 2;-,]; ; Lps(ry —75) + (g — 1) Ps il j
x<j|Pu|a>)gum$Byludadl
e ’
= —W<alﬂﬂ(r )|a>(d351y_dzdy) (80)
e 2
o= 3m,ch 2, wj,
’%<<a (ra _r,d)péji .]><] |myrl)|a>>8aa¢5dﬂ
= — 35 (r)d; (81)
e? 2
s = 6m2c2h]§a_
%(<a 2 [(ra'_r:'l)p&]i j><iju|a>>eao'68yludﬁdl
i=1
e
= 5 (Calw, () > d, = Cal iy ()] dy b.,) dy, (82)
e 2 ,
Do = = G 2, e RCAIPLT > T (0103 e
= == (alke)lad d, — Cal ()] a) dybsy) dy (83)
e? 2
Ay = = ¥ = R(a|Ps] j ) {JIP1a>) eans8y1u dpdidy
bm; c*h /7, Wja

2
e
= bm,c? ndy(d; 0,y — dady). (84)

e
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In these identities the expressions on the rhs. are obtained via off-diagonal
hypervirial relations [7] involving y,, P,, L,, etc., and:

, im,
2ripPrs = TpPis + PraTip + ilidgs = Eupsly; + T [Ho, ripris]. (85)

They hold only if |a) and | j ) are the exact eigenstates to a model Hamiltonian [7].
For instance, they are identically satisfied for true Hartree—Fock wavefunctions.
Actual calculations relying on the algebraic approximation fulfill the hypervirial
constraints to a satisfactory degree if good quality basis sets are adopted [18].
From Eqgs. (74-84) one eventually finds the formula for the origin dependence of
total mixed dipole-quadrupole magnetic susceptibility in the static case:

Xy, uﬂ(r") = Xy, aﬂ(r/) — Xya 6ﬂ + %Xy& d& daﬂ- (86)

The origin dependence of the diamagnetic contribution to nuclear magnetic
shielding provided by electron magnetic quadrupole terms is given by:

Gy, aﬂ(r" = ay aﬂ(r’) - %O-galz(rl)dﬂ

l:(<a|E;vIa>dv5ya - <aIE;a|a>dy)dﬂ

a>dv Oye
a>dy:|, (87)

+

e
3m,c?
_ <a
+ <a

and for the static paramagnetic contributions,

ip — r;i)E;v

i=1

i _r;?)E}az

0'1; () = a‘y’faﬂ(r') + %, + B, + B, (88)
where
#= -5 Za(caByii
e 6mech1#a o alBnlJ
X <j Y [pslrs —13) + (rg — r5) ps]s a>> Eags Ao
i=1
1.1 I e : '\ i
= _i(ayadﬂ - O-yvdvéaﬂ) + 3m cz [<a ~ if rﬂ)EIv a>dv5ay
- <a Y. (rig— 1) El, a>dy], (89)
i=1
e 2 id ,
'@2 = 3m ch];(z_'% <a|BIy|]> ; [(rv —rv)pé]i a gavédﬁ
= O'ya(r,)dﬂ, (90)
3 3mechJ§a '%(<a’B1v|J ><] ’Ptila))gaa'ﬁdﬁ
= - 2(<a|E?v|a>dv5;a_ <a|E;a|a>dy)dﬂ' (91)

3m.c
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The identities on the r.h.s. are, also in this case, satisfied for exact eigenstates to any
model Hamiltonian.

Therefore the total magnetic quadrupole contribution to static magnetic shield-
ing depends on the origin according to:

03,ap(1") = 03,05 (1) — 03, dj + 3035 ds 0. ©2)

Similar equations are found for electron magnetic quadrupole contribution to the
optical rotatory power. For any frequency w:

Kyag(t') = Ky qp(t') + €1 + €2 + €3, 93)
where
) #( <almli>
! 6m.ch | mlJ

a >> Eaos da'

J Z [ps(rg —15) + (rg — rp)ps ]
i=1

1
= %[kv“(r,) dﬂéaﬂ Kva(l' )dﬂ] + a}' pé (l' )sao'é dcr: (94)
€= - ) : J\ almlj> i [, —r.) ]‘ ad e d
- 3m cﬁj#aw%a_co I'Ly ] = v v p& i avé Y
= % a(r)dﬂa (95)
€= Y s S (a5 T 1Ps1aY) ems dad
= 5t 2 1) Il emsdy d,
1
= — gcstava dﬂ d‘,. (96)

Thus the origin dependence of the magnetic quadrupole contribution to the optical
rotatory power is obtained from:

k'y,aﬁ(ru) = kv,aﬂ(r’) - kva(r”) dﬂ + %kyé(rl) d& 5aﬁ

1 1
- % Oys Eqvd dv dﬂ + % oy, ﬁ&(r,)gav& dv . (97)
For the electromagnetic shielding:
(1) = £, (1) + D1 + D2 + 9, (98)
e 2
= S ELlj
D, ~ om ch,; 7 {<a| nli>

X <J a> } €ags da'

- 1
=3[ iv(r') dy0,p — (r,)dﬁ] + Vy pa(T ) Eavs d, 99)

Z [ps(rg —rp) + (rg — rp)Ps1;

i=1
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e 2 ) .
Z 2 2j(<a|E?y|]><l

- v_r,v i Eqv d
e e 3 [0, —rp] a>> sdy

= —3&.(")dy, (100)
e 2
" 3mch ];a 0l —

@2=

ZE

22 (KalEn | )< j|Ps|a))exs dgd,

1
= g’))iﬁsavﬁ dﬂ dv- (101)
Therefore the origin dependence for the magnetic quadrupole contribution to
electromagnetic shielding is given by:

El ap(87) = EL g (1) — EL(x)dp + 3 EL5(r') d5 0

1
+ iﬁaﬁava dgd, + %vi,ﬁa(r’)ewa d,. (102)

7 Conclusions

A series of tensors describing the linear response of a molecule in non-uniform
magnetic field has been defined, consistent with the Bloch [9] interaction Hamil-
tonian. Contributions arising from magnetic multipole moments of the electron
distribution to magnetic susceptibility, nuclear magnetic shielding, optical rotatory
power and nuclear electromagnetic shielding can be rationalized accordingly. On
a macroscopic level, the effects associated with higher multipoles are small, for
instance, the magnetic quadrupole contribution to NMR chemical shifts, compare
for Egs. (45) and (49),is ~ 1 x 10~ * ¢m in the Gaussian system of units. Therefore
detecting and measuring these tiny contributions would seem out of reach with
present experimental set-ups, due to the difficulties of constructing magnets with
very high gradient. An ideal experiment can be conceived, in which the magnetic
equivalence of nuclei (say, protons in a single, fixed benzene molecule) in ordinary
NMR experiments, using spatially uniform magnetic fields, would be removed in the
presence of field gradient. In practice, the NMR spectrum of an assembly of fixed
molecules in non uniform fields would contain extremely complicate patterns. On
a microscopic scale, however, the role of magnetic multipoles beyond the magnetic
dipole cannot be dismissed, as they lead to observable pseudo-contact shifts [17].
The effect of distant charge distributions on the magnetic shielding of a nucleus can
therefore be analyzed in terms of the molecular tensors introduced in this paper.
Eventually, an efficient computational strategy for the ab initio determination
of the various tensors defined in the present study has been devised according to
the coupled Hartree-Fock and random-phase approximation techniques pre-
viously developed and implemented within the SYSMO suite of computer pro-
grams [18, 19]. Numerical studies on water molecule have been undertaken [20].

Appendix: the Bloch potentials

The MacLaurin series for the magnetic field:

o]

1
B(r,t), = z Era,lrm2 e Ty B, Dy, . a0 (103)
k=0 X'
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and for the electric field:

[+]

1
E(l‘, t)a = Z F FayVay « - - rakE(O: t)a,‘uk_l...alaa (104)
k=0 K

where partial derivatives with respect to coordinates, taken at the origin, are
denoted by:

0B
B0, ),0,_,...000 = [ (x, ) PP ] , (105)
ai Jr=0

OFy Oy, - ..

etc., are not compatible with the analogous power expansions for the vector and
scalar potentials:

o 1
A(l', t)a = kzo k' rau razz [ rakA(oa t)atkatk_l...alaa (106)
1
o(r, 1), = &(0,1) + Z ETr“r“z NN A 1(1 % 4 P (107)
k=1 "

using the same notation as in Eq. (105) for derivatives with respect to coordinates
of the scalar potential, i.e.:

0" o(r, 1)

(0, O)g,q, _, . [6r Bre o |y (108)

In fact, Egs. (106) and (107) do not satisfy the equations for the fields:
B(rs t)a = saﬁ'yA(ra t)ﬁy, (109)

1.
E(l', t)a = - 4)(1', t)rz_ZA(r: t)aa (110)
therefore, following Bloch [9], we carry out a gauge transformation:
A~ A7 = A+ 13, 2 =Vf% (111)
1,

oo = ——1*, (12)

where the gauge function is:

21
fg(r’ t) = - Z ‘k—'ra1raz cee rakA(Oa t)a,‘a,‘_l..lala (113)
k=1 ™

so that, using Egs. (109) and (110), the Bloch potentials are:

* k+1
E —
AR 0= B Gy ool TaBO s (119

1
- . 115
(1) (r, t) Z (k+ N Fola;Tay 14 E(0,1) %1 1 (115)

Within the Bloch gauge:

c (k+1)(k+2)

Ag(r, t)aaz = Z

(k + 3)' EapyVala Yoy -+« rakB(O’ t)akak_l...txlﬂy- (116)
k=0 :
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The new potentials (114) and (115) satisfy Eqgs. (109) and (110). The Lorentz
condition is not satisfied by the Bloch potentials, i.e.:

1,

— % + A5, #0, (117)

c
as can be checked by using the Maxwell equation (in the absence of external
currents):

1.

Sapy Bpy = Ba (118)
in Eqs. (115) and (116). However, owing to Eq. (118), for a static electric field
one has:

A =0, (119)
analogous to the condition for the Coulomb gauge A4,, = 0 in time independent

uniform magnetic fields.
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